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We examined dynamic heterogeneity in a model tetrahedral network glass-forming liquid. We
used four-point correlation functions to extract dynamic correlation lengths ξa4 (t) and susceptibilities
χa4(t) corresponding to structural relaxation on two length scales a. One length scale corresponds
to structural relaxation at nearest neighbor distances and the other corresponds to relaxation of
the tetrahedral structure. We find that the dynamic correlation length ξa4 grows much slower with
increasing relaxation time than for model fragile glass formers. We also find that χa4 ∼ (ξa4 )z for a
range of temperatures, but z < 3 at the lowest temperatures examined in this study. However, we
do find evidence that the temperature where Stokes-Einstein violation begins marks a temperature
where there is a change in the character of dynamically heterogeneous regions. Throughout the
paper, we contrast the structure and dynamics of a strong glass former with that of a representative
fragile glass former.
PACS numbers:
I. INTRODUCTION
The dramatic increase of the structural relaxation
time, τα, upon a small change in temperature without
any major structural change is a defining characteristic of
glassy dynamics. One can describe the temperature de-
pendence of τα using τα = τ0 exp[E(T )/T ], where E(T )
is a possibly temperature dependent activation energy.
Angell [1] classified glass forming liquids according to the
temperature dependence of their activation energy. Liq-
uids with a temperature-independent activation energy,
E(T ) = E0, were termed strong and those with an ac-
tivation energy E(T ) increasing with decreasing temper-
ature were termed fragile. The Arrhenius temperature
dependence of a strong glass former implies that there
is a single energy barrier for relaxation and a growing
E(T ) implies a growing energy barrier. A natural mech-
anism for this growing energy barrier is an increase in
the number of particles that have to move cooperatively
to facilitate structural relaxation as the relaxation time
increases, and much research has been devoted to the
search of a length scale that can be associated with these
cooperatively rearranging regions.
Spatially correlated heterogeneous dynamics, dynamic
heterogeneity, emerged as a candidate for the length
scale associated with an increasing activation energy
[2, 3]. It was found that there are clusters of particles
that move much slower and much faster than expected
from a Gaussian distribution of displacements, and the
size of these clusters increases with increasing relaxation
time. To classify the size and shape of these dynami-
cally heterogeneous clusters, one approach is to calculate
a four-point structure factor S4(q; t) [4] that involves a
weight function wn(t) associated with mobility of parti-
cle n over a period of time equal to t. Common choices
for the weight function are the real part of the micro-
scopic self-intermediate scattering function [5, 6] and an
overlap function that is defined to be zero if a particle
moves beyond a specified fraction of the particle diame-
ter after a time t, [4]. The small q behavior of S4(q; t)
can be analyzed to determine a characteristic length of
dynamic heterogeneity ξ4(t) [4, 7]. The susceptibility,
χ4(t) = limq→0 S4(q; t), is related to the number of par-
ticles whose mobility is correlated. Calculation of S4(q; t)
is straightforward in a simulation but it is impossible in
most experiments where individual particles cannot be
tracked (and it is difficult even if the particles can be
tracked). However, Berthier et al. [8] demonstrated that
an approximation for χ4(t) can be obtained from exper-
iments by considering dynamic fluctuations in different
statistical ensembles.
Berthier et al.’s observation was that χ4(t) consists of
two parts, χ4(t) = χ4(t)|NV E + X (t), where χ4(t)|NV E
represents the fluctuations of wn(t) calculated in the
micro-canonical ensemble (with constant number of par-
ticles and constant energy) and X (t) represents the cor-
rection term accounting for the fluctuations absent in the
micro-canonical ensemble. One correction term is de-
rived by considering the transformation from the micro-
canonical to the canonical ensemble, and this term is
given by χ4,T (t) = kBT
2χT (t)
2/cv where cv is the spe-
cific heat at constant volume, χT (t) = ∂ 〈w(t)〉 /∂T , and
〈w(t)〉 is the average of the weight function wn(t) [9, 10].
If one considers the real part of the self-intermediate
scattering function as the weight function, and assumes
that time-temperature superposition at least approxi-
mately holds, then the correction term is approximately
kBE
2
0/(T
2cv) for a strong glass former. Therefore, in the
low temperature limit the susceptibility diverges, which
implies a diverging number of particles whose mobility is
correlated, and thus a diverging correlation length. How-
ever, it is clear that for a fragile liquid the growth of the
susceptibility χ4,T (t) would be different than for a strong
glass former.
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2We recently examined dynamic heterogeneity in five
different fragile liquids [11], and found some universal
behavior in all the systems studied. We found several
scaling relationships if we rescaled relaxation times by
the relaxation time of the liquid corresponding to the
temperature, Ts, at which the Stokes-Einstein relation
is violated. We also found that Ts corresponds to the
temperature where dynamically correlated regions be-
come compact, and Hocky et al. [12] found evidence for a
change in shape of dynamically correlated regions around
Ts. We note that a connection between Stokes-Einstein
violation and the shapes of dynamically correlated re-
gions has been recently made in an two-dimensional col-
loidal mixture with a wall of pinned particles [13] and a
quasi-two-dimensional colloidal system of ellipsoids [14].
Therefore, Stokes-Einstein violation appears to be re-
lated to the shape and size of dynamically heterogeneous
regions.
In this work we examine dynamic heterogeneity for a
model strong glass former, and focus on what is different
between a strong glass former and the features we found
for several fragile glass formers. We describe the model
and simulations in Sec. II. After we examine the struc-
ture, average dynamics, and Stokes-Einstein violation in
Sec. III, we examine dynamic heterogeneity in Sec. IV.
We find that the strength and size of the dynamic hetero-
geneity is very different in a strong glass than in fragile
glass formers. In Sec. V we summarize our results and
draw some conclusions.
II. SIMULATIONS
A simple and convenient model for a strong glass-
forming liquid was developed by Coslovich and Pastore
[15]. We will refer to this model as the CP model. The
model was designed to model a tetrahedral network glass
former, SiO2, and thus Coslovich and Pastore compared
it to another model for SiO2, the BKS model [16], find-
ing reasonable agreement. The model of Coslovich and
Pastore does not include long range electrostatic forces,
and thus it is much less computationally expensive than
other models of strong liquids.
We simulated the CP model strong glass-forming liq-
uid. It is a 2:1 binary mixture of particles interacting
with the following potential,
Uαβ(r) = αβ
[(σαβ
r
)12
− (1− δαβ)
(σαβ
r
)6]
, (1)
where δαβ is the Kronecker delta, and α, β = 1, 2. We
use the reduced units of σ11, 11, and
√
m1σ211/11 for
length, energy, and time, respectively. The parameters
of Uαβ(r) are given by 12 = 2411, 22 = 11, σ12 =
0.49σ11, σ22 = 0.85σ11, and The mass ratio is m2/m1 =
0.57/1.0. Following the work of Coslovich and Pastore
[15], a smoothing function is appended to the potential at
r = 2.2σαβ [17]. We performed simulations of N1 = 9000
and N2 = 18000 at a particle density of ρ = N/V =
1.655. We used a time step of δt = 0.001 for T ≥ 0.5 and
a time step of δt = 0.004 for T < 0.5.
We ran our simulations using LAMMPS [18, 19],
(Large-scale Atomic/Molecular Massively Parallel Sim-
ulator). We equilibrated at all temperatures for at least
100τ0.35α (τ
0.35
α is a relaxation time, which will be defined
precisely in Sec. III). We then ran 4 independent NVE
runs at each temperature for at least 100τ0.35α . Many of
the longer runs were run on the ISTeC Cray Model XE6
at Colorado State University.
We compare some results to a model fragile glass for-
mer of repulsive harmonic spheres (HARM), where the
potential is given by
Uαβ(r) =

2
(
1− r
σαβ
)2
, (2)
for r < σαβ and Uαβ(r) = 0 for r ≥ σαβ . The results
for the harmonic sphere system are presented using the
reduced units of σ11, 10
−4,
√
σ211/m for length, temper-
ature, and time, respectively. The harmonic sphere sys-
tem is a 50:50 binary mixture with equal masses m. The
potential parameters are σ22 = 1.4σ11 and σ12 = 1.2σ11.
The number density is ρ = 0.675. We simulated a sys-
tems of N = 10, 000, 40,000, and 100,000 particles. See
Refs. [20, 21] for more details.
III. STRUCTURE AND DYNAMICS
We begin our study by looking at the structure and
average dynamics of the CP model, and make some com-
parisons with the harmonic sphere fragile glass former.
As is common in network forming liquids, in the struc-
ture factor there is a peak at low q for the CP model
that has no analog for the fragile glass former. This ad-
ditional peak motivates us to examine the dynamics at
two length scales, one associated with the nearest neigh-
bor distance and one associated with the peak at smaller
q. We then examine the average dynamics and demon-
strate that an Arrhenius law does fit the relaxation time
and the diffusion coefficients well. We finish by examin-
ing Stokes-Einstein violation in this system and obtain
the temperature where the Stokes-Einstein relaxation is
violated.
Shown in Fig. 1a are the partial structure factors
Sαβ(q) =
1√
NαNβ
〈
Nα∑
m=1
Nβ∑
n=1
eiq·(rn−rm)
〉
, (3)
where rn is the position of particle n, and the total
structure factor S(q) = N−1[N1S11(q) + N2S22(q) +
2
√
N1N2S12(q)] for the CP model. There are peaks at
q = 5.0 and 8.2 for the total structure factor (solid line).
The peak at q = 5.0 is a result of intermediate range
order that is typical in tetrahedral network forming liq-
uids. This peak includes positive contributions from all
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FIG. 1: The structure factor for the CP model at T = 0.42
(a) and for the harmonic sphere system at T = 10 (b). The
solid lines are the total structure factors, the dashed lines are
the partial structure factors S11(q), the dotted lines are the
partial structure factors S12(q), and the dash-dotted lines are
the partial structure factors S22(q). The peaks around q = 5
for the CP model are due to intermediate range tetrahedral
order.
the partial structure factors. In contrast, the second peak
at q = 8.2 has positive contributions from S11 and S22,
while the negative contribution from the partial struc-
ture factor S12 results in a decrease of the peak height.
In contrast to the strong glass former, the structure fac-
tor of the HARM system has one peak corresponding to
nearest neighbor distances, Fig. 1b, and there is no small
q peak since there is no intermediate range tetrahedral
order.
For this study we examined average dynamics and dy-
namic heterogeneity for the strong glass former on two
length scales. One length scale corresponds to motion
related to the breakup of tetrahedral order, q = 5.0, and
the other length scale corresponds to motion for nearest
neighbor relaxation of the particles, q = 8.2.
To be able to compare to previous work [11], we exam-
ine the dynamics using the overlap function,
Fo(a; t) =
1
N
〈∑
n
wn(a; t)
〉
, (4)
where wn(a; t) = Θ[a − |rn(t) − rn(0)|], Θ is the Heavi-
side step function, and rn(t) is the position of particle n
at time t. We chose two values of a, so that for a range
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FIG. 2: The average overlap function for the CP model for
a = 0.35 (top panel) and a = 0.2 (bottom panel). Shown are
T = 0.69, 0.51, 0.42, 0.39, 0.36, 0.34, 0.31, and 0.3 listed from
left to right.
of temperatures the decay time of Fo(a; t) closely corre-
sponds to the decay time of the self-intermediate scat-
tering function, Fs(q; t) = N
−1 〈∑
n e
−iq·(rn(t)−rn(0))〉
at the two q values of interest. We find that Fs(q; t)
for q = 5.0 has approximately the same decay time as
Fo(a; t) for a = 0.35, and Fs(q; t) for q = 8.2 has approx-
imately the same decay time as Fo(a; t) for a = 0.2. Since
the plateau heights of Fo(a; t) are lower than for many
fragile glass formers at higher temperature, we do not use
the standard definition of τα and adapt the definitions to
Fo(a = 0.35; τ
0.35
α ) = 0.2 and Fo(a = 0.2; τ
0.2
α ) = 0.1.
Shown in Fig. 2 are average overlap functions for a =
0.35 and a = 0.2. For T ≤ 0.42, a plateau develops at
intermediate times. The height of this plateau increases
with decreasing temperature. For 1 ≤ t ≤ 100 there are
oscillations in Fo(a; t) at the lowest temperatures, which
we believe are due to vibrational motion.
We also calculate the mean square displacement
〈
δr2(t)
〉
=
1
N
〈∑
n
[rn(t)− rn(0)]2
〉
, (5)
where rn(t) is the position of particle n at time t. Fig. 3
shows the mean square displacement for temperatures
from 0.3 to 0.69. At short times the motion is ballis-
tic,
〈
δr2(t)
〉
= 3Tt2, and at longer times the motion is
diffusive,
〈
δr2(t)
〉
= 6Dt. In the supercooled regime,
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FIG. 3: The mean square displacement,
〈
δr2(t)
〉
, for T =
0.69, 0.51, 0.42, 0.39, 0.36, 0.34, 0.31, and 0.3 listed from left
to right.
T ≤ 0.5, a plateau emerges between the ballistic and dif-
fusive regimes. We calculated the diffusion coefficient D
by fitting to
〈
δr2(t)
〉
/(6t) at long times.
Finally, for temperatures higher than 0.32, we calculate
the viscosity η using,
η =
1
kBTV
∫ ∞
0
dt
〈
σαβ(t)σαβ(0)
〉
, (6)
where
σαβ =
∑
n
mnv
α
nv
β
n−
1
2
∑
n
∑
m6=n
rαnmr
β
nm
rnm
dUnm(rnm)
drnm
(7)
in the shear-stress autocorrelation function. At tempera-
tures 0.32 and lower, our trajectories are not long enough
to calculate the tail of the shear-stress autocorrelation
function accurately. In Eq. (7) mn is the mass of particle
n, vαn is the α component of the velocity vn of particle
n, rαnm is the α component of rn − rm, and Unm is the
potential between particles n and m.
Figure 4 shows 1/D, τaα, and η plotted versus 1/T .
The straight lines are fits of 1/D = A1 exp (E1/T ) and
τaα = A
a
2 exp (E
a
2/T ) to T < 0.4. The fits were done
for T < 0.39. The fit parameters are, A1 = 9 × 10−5
and E1 = 6.24. For τ
0.35
α , the parameters are A
0.35
2 =
7.7 × 10−7 and E0.352 = 7.01. The parameters for τ0.2α
are A0.22 = 2.7 × 10−7 and E0.22 = 7.17. Kawasaki, Kim,
and Onuki [22], who also simulated the CP system, found
that the viscosity can be fitted to an Arrhenius equation
for T . 0.4, and this finding agrees with our results.
Coslovich and Pastore [15] determined a fragility index
K and they noted that K = 0.09 for the CP system,
indicating that it was a stronger glass former than any
previously studied Lennard-Jones mixture.
To compare the strong CP system to the fragile liquids
in previous work [11], we want to know the temperature
at which the Stokes-Einstein relation D ∼ (η/T )−1 no
longer holds. Shown in Fig. 5 is D versus η/T . The
figure also shows fits to D = c(η/T )−z for two ranges of
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FIG. 4: The inverse diffusion coefficient 1/D, the relaxation
times τaα and the viscosity η plotted versus inverse tempera-
ture. The black dashed lines are fits to the Arrhenius equa-
tion: 1/D = A1 exp (E1/T ) or τ
a
α = A
a
2 exp (E
a
2 /T ).
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FIG. 5: The diffusion coefficient D versus viscosity divided by
temperature, η/T . Temperatures from left to right are: 1.0,
0.69, 0.65, 0.6, 0.55, 0.51, 0.42, 0.39, 0.36, and 0.34. The lines
are fits to D = c(η/T )−z for T ≥ 0.51 and for T ≤ 0.42. The
fitting lines intersect at ηs/Ts = 18.8, which corresponds to a
temperature Ts = 0.5.
temperatures. The fit to the higher temperatures gives
z = 1.02±0.02 and the fit to the lower temperatures gives
z = 0.83± 0.02. The Stokes-Einstein relation is violated
at ηs/Ts ≈ 18.8, which corresponds to a temperature of
Ts = 0.5. We note that the temperature where a plateau
begins to emerge in Fo(a; t) and Fs(q; t) is approximately
T = 0.5, and the emergence of the plateau has been
identified as the onset temperature for slow dynamic in
Refs. [15] and [23].
IV. DYNAMIC HETEROGENEITY
In previous work we found that there was a connec-
tion between Stokes-Einstein violation and the evolving
shape of dynamically heterogeneous regions [11]. Similar
connections between the shapes of dynamically hetero-
geneous regions and Stokes-Einstein violation have been
5made in an experiment [14] and a simulation [12]. Since
we found some universal behavior for at least a class of
fragile glass formers, we examine whether some of these
relationships hold for a model strong glass former. In
the fragile glass-formers we previously studied [11], the
dynamic susceptibility χ4, which is related to the num-
ber of particles in a region with correlated motion, is re-
lated to the dynamic correlation length ξ4 by χ4 ∼ (ξ4)3
for temperatures below the temperature at which Stokes-
Einstein violation begins. This relationship suggests that
regions are compact. We do not find compact regions be-
low the Stokes-Einstein violation temperature for the CP
model strong glass-former. We also find that the length
scale characterizing the size of the dynamically hetero-
geneous regions is smaller and increases slower with de-
creasing temperature for the strong glass-forming liquid.
First, we examine the susceptibility in the constant
energy ensemble,
χa4(t)|NV E =
1
N
〈[∑
n
wn(a; t)
]2〉
−
〈∑
n
wn(a; t)
〉2 , (8)
since it has features that are not present for the frag-
ile glass formers. Shown in Fig. 6 is χa4(t)|NV E for the
temperature range examined in this study for a = 0.35
and a = 0.2. χ4(t)
a|NV E behaves differently in this
network-forming liquid than in many other simulations
of glass formers. For both a values a side peak emerges
as temperature is decreased. Similar to what was seen
for Fo(a; t), χ
a
4(t)|NV E also has oscillations from times
of around 1 to around 100. In other glass formers
[24, 25] the relaxation time tracks the time of the peak of
χa4(t)|NV E , τap . In the CP system, τaα and τap do not have
the same temperature dependence, and we found that
the ratio τaα/τ
a
p grows slightly as temperature decreases.
Due to this different behavior of τap , we examined dy-
namic heterogeneity at τaα and at τ
a
p .
To determine the characteristic length scale ξa4 (t) and
strength of dynamic heterogeneities χa4(t) we calculated
the four point structure factor
Sa4 (q; t) =
1
N
〈∑
n,m
wn(a; t)wm(a; t)e
iq·[rn(0)−rm(0)]
〉
.
(9)
We fit Sa4 (q; t) to the Ornstein-Zernicke equation
χa4(t)/[1 + (ξ
a
4 (t)q)
2], for q < 1.5/ξa4 (t), which is a proce-
dure we developed in previous work [26–28]. We calcu-
lated Sa4 (q; t) at τ
a
α and τ
a
p .
Shown in Fig. 7 are χa4(t) versus ξ
a
4 (t) for t = τα
and t = τp on a log-log scale. Note that there ap-
pears to be a change in power law behavior for both sets
of data, and that change in behavior occurs at around
the same temperature as the Stokes-Einstein violation,
which is marked with a dashed vertical line. We fit
0
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FIG. 6: The susceptibility χa4(t)|NVE calculated at constant
energy for a = 0.35 (top panel) and a = 0.2 (bottom panel).
The peaks correspond to the temperatures of 0.69, 0.51, 0.42,
0.39, 0.36, 0.34, 0.31, and 0.3 listed from left to right.
χa4 = A(ξ
a
4 )
z, for values corresponding to temperatures
above the Stokes-Einstein violation temperature Ts and
for values corresponding to temperatures below Ts.
As we saw for fragile liquids [11], Stokes-Einstein vio-
lation signals a change in the dynamic heterogeneity. For
the fragile glass formers studied in Ref. [11], we obtained
z = 3 for T < Ts, which suggests compact clusters. The
exponent in the fits for the strong glass former suggest
that the clusters are more ramified than for the fragile
glass formers, see Fig. 7.
We also examined the relationship between the dy-
namic correlation lengths ξ4 and τα or τp. Shown in
Fig. 8 are results for the strong glass former, and we
compare these results to the harmonic sphere system (tri-
angles). In our study of fragile liquids, we found that if
we rescaled the relaxation time to the relaxation time
that corresponded Stokes-Einstein violation, then all the
data collapsed on the same curve. We rescaled time of our
strong network forming liquid so that the Stokes-Einstein
violation time was 303, matching Fig. 3 of Ref. [11].
We do not find that it is possible to rescale the corre-
lation lengths for the strong liquid and obtain reasonable
collapse onto the fragile liquid data, and we also find
that ξa4 (t) for the CP model is smaller than for the frag-
ile liquids and grows slower with decreasing temperature.
(We believe that a direct comparison of the correlation
lengths of the CP system and the HARM system is valid
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FIG. 7: The full susceptibility χ4(t) versus dynamic correla-
tion length ξ4(t) for two characteristic times and two char-
acteristic length scales. The top panel shows results for
a = 0.35, and the bottom panel shows results for a = 0.2.
The blue circles show results for χ4(τ
a
α) and ξ4(τ
a
α), and the
red squares shows results for χ4(τ
a
p ) and ξ4(τ
a
p ). The black
lines are fits to χa4 = A(ξ
a
4 )
z. The fits are to temperatures
above the Stokes-Einstein violation temperature, Ts, and to
temperatures below Ts. The black dashed vertical lines show
the length ξs4 that corresponds to Ts.
since the plateau height of the mean squared displace-
ment had a similar value for the CP system as for the
HARM system.) Since the growth is slow with decreas-
ing temperature and the lengths are small we found it
difficult to characterize the relationship between ξ4 and
τα or τp.
V. SUMMARY AND CONCLUSIONS
We examined dynamic heterogeneity in a model of a
strong liquid. Since the four-point susceptibility, which
is proportional to the number of dynamically correlated
particles, can be shown to diverge through simple argu-
ments, an interesting question is what happens to the dy-
namic correlation length and how this correlation length
is related to the susceptibility. We calculated the dy-
namic susceptibility and correlation length using four-
point correlation functions that are typically used to
100 101 102 103 104 105 106 107
τ
α
/τ0, τp/τ0
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FIG. 8: The dynamic correlation length ξ4 versus rescaled
time, τα/τ0 and τp/τ0. The closed symbols are for the strong
glass-former, the CP model, and the open symbols are for
a representative fragile glass former, the harmonic sphere
model. The black vertical line shows the rescaled Stokes-
Einstein violation time, τsα/τ0 and τ
s
p/τ0. The temperature
where Stokes-Einstein violation begins appears to mark a
change in the relationship between τα and ξ4(τα) and τp and
ξ4(τp).
study dynamic heterogeneity in simulations.
Since our model is a model for a network forming liq-
uid, we studied dynamic heterogeneity corresponding to
particle motion on two length scale. The shorter length
scale, a = 0.2, corresponds to relaxation at nearest neigh-
bor distances, and the larger length scale, a = 0.35, cor-
responds to relaxation of the tetrahedral network. We
find that the details change depending on the length
scale studied, but the trends remain the same. There
is a crossover from a high temperature behavior to low
temperature behavior at the temperature where Stokes-
Einstein violation begins. For the strong glass former
studied here, the crossover is consistent with a change in
the power law relating χ4 to ξ4, i.e. a change in the expo-
nent in the relationship χ4 ∼ (ξ4)z. There also appears
to be a change in the relationship between ξ4 and τα, but
the precise relationships are difficult to define due to the
very slow growth of ξ4. Note that this slow growth of the
dynamic correlation length is likely one of the character-
istics of strong glass forming systems, but one needs to
study more strong glass formers to draw this conclusion.
The change in shape of dynamically heterogeneous re-
gions at Stokes-Einstein violation was observed in sim-
ulations of fragile glass formers [11]. Recently, Mishra
and Ganapathy [14] reported that Stokes-Einstein viola-
tion marked a change in shapes of dynamically hetero-
geneous regions in experiments of quasi two-dimensional
ellipsoids. While two-dimensional glassy dynamics have
a different character [29], it appears that Stokes-Einstein
violation does mark a change in the character of dy-
namic heterogeneity. For the fragile systems studied in
Ref. [11], dynamically correlated regions were compact
below the temperature where Stokes-Einstein violation
begins. However, for our strong glass former, Stokes-
7Einstein violation does not indicate compact regions and
the dynamic correlation length is still small, only around
a particle diameter, at the temperature where Stokes-
Einstein violation begins.
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